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We analyze if the nucleon structure of the α decaying nucleus can be visible in the experimental
bremsstrahlung spectra of the emitted photons which accompany such a decay. We develop a
new formalism of the bremsstrahlung model taking into account distribution of nucleons in the α
decaying nuclear system. We conclude the following: (1) After inclusion of the nucleon structure
into the model the calculated bremsstrahlung spectrum is changed very slowly for a majority of
the α decaying nuclei. However, we have observed that visible changes really exist for the 106Te
nucleus (Qα = 4.29 MeV, T1/2=70 mks) even for the energy of the emitted photons up to 1 MeV.
This nucleus is a good candidate for future experimental study of this task. (2) Inclusion of the
nucleon structure into the model increases the bremsstrahlung probability of the emitted photons.
(3) We find the following tendencies for obtaining the nuclei, which have bremsstrahlung spectra
more sensitive to the nucleon structure: (a) direction to nuclei with smaller Z, (b) direction to nuclei
with larger Qα-values.
PACS numbers: 23.60.+e, 41.60.-m, 03.65.Xp, 23.20.Js
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I. INTRODUCTION
The bremsstrahlung emission of photons accompanying nuclear reactions has been causing much interest for a
long time (see reviews [1, 2] and books [3–5]). This is because of such photons provide rich information about the
studied nuclear process. Dynamics of the nuclear process, interactions between nucleons, types of nuclear forces,
quantum effects, anisotropy (deformations) can be included in the model describing the bremsstrahlung emission. At
the same time, measurements of such photons and their further analysis provide an evaluation of the suitability of
the components of the model.
However, progress using dynamics and interactions between nucleons and nuclear forces has been limited. Re-
searchers pointed to such a difficulty, who included the realistic potentials of nuclear interactions in calculations of
the bremsstrahlung spectra (for example, see [6]). This is also reflected by the small number of papers in this research
area. We explain such a situation by the essential distance between (1) achievement of good agreement of the existing
experimental data with the calculated spectra, and (2) development of mathematical formalism, sufficiently sensitive
to many-nucleon interactions and dynamics, which should give convergent calculations of the spectra and explain the
experimental data.
Essential efforts were made to understand emission of the bremsstrahlung photons in nucleon-nucleon and nucleon-
nuclear collisions. But, a prevailing idea of the existed models consists in reduction of the complicated interactions
between nuclei to two-nucleon interactions, which are assumed to be leading. However, main emphasis in such papers
was made on construction of correct relativistic description of interaction between two nucleons in this task, where
formalism was developed mainly in momentum representation. Here, we should like to note two directions of intensive
investigations: [7, 8] and [9–20].
The bremsstrahlung of the emitted photons in nuclear reactions where the studied nuclei were described on the
microscopic level, was previously studied. Of course, the advances made by Baye, Descouvemont, Keller, Sauwens,
Liu, Tang, Kanada, Dohet-Eraly and Sparenberg [21–28]. need to be noted. The idea of a many-nucleon description
of the nuclei in this task appears attractive. It could be interesting to develop this for reactions with participation
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2of heavy nuclei, where there is more evidence (for example, see research papers [29–34], reviews [1, 2] and PhD
thesis [35] for the bremsstrahlung during scattering of protons off nuclei for low and intermediate energies of the
emitted photons and theoretical description in [7, 36–39], [40–45] for the bremsstrahlung during the α decay of nuclei
and fully quantum calculations in [44–48] and semiclassical calculations in [49], [50] for extraction of information
about nuclear deformations of the α decaying nuclei via analysis of the experimental bremsstrahlung spectra, [51–57]
for the bremsstrahlung in fission of heavy nuclei and theoretical description in [58], also [59] for predictions of the
bremsstrahlung during emission of proton from nuclei). A more empirical evidence provides us more possibilities for
testing the developed models. However, the first question which should be clarified is how much the nucleon structure
of nuclei and incident fragments are visible in the bremsstrahlung spectra. It may appear that inclusion of the many-
nucleon structure into the model will barely change visibly the calculated spectra for energies and parameters used
in experiments. Moreover, the development of the microscopic formalism for such a problem is difficult. So, before
developing an accurate model, its practicality needs to be clarified.
This paper is devoted to analysis and solution of such a question, where the α decay is chosen as the studied
reaction. We explain such a choice by the following. (1) The microscopic approaches can be applied for description
of the α decaying nuclei by natural means (for example, see some research papers [60–64], reviews [64–67] and
reference therein). (2) The α decaying nuclei are heavy. (3) Progress has been achieved in study of the α nucleus
interactions tested experimentally, that makes α decay one of the most deeply studied reactions in nuclear physics.
(4) Rich material has been developed in theoretical description of the bremsstrahlung emission of photons in the given
reaction [41, 42, 44–50, 68–82]. (5) In study of the bremsstrahlung photons during the α decay the close agreement
between theory and existing experimental data has been achieved [40–45]. (6) Such an agreement (for example, see [81]
for details and demonstrations) is obtained without normalization of the calculated spectra on the experimental data
(that has been very rarely achieved for other reactions with good accuracy), which is a significant advance for new
predictions and inclusion of all sets of the α decaying nuclei into analysis (α decay is observed for more than 420
nuclei with A > 105 and Z > 52).
II. MODEL
A. Operator of emission of the α nucleus system
We shall start from the leading form (7) of the photon emission operator Hˆγ in [37], generalizing it for the system
of an α particle composed from 4 nucleons and daughter nucleus composed of A nucleons in the laboratory system.
Using presentation for the vector potential of the electromagnetic field in form (5) in [36], we obtain
Hˆγ = − e
√
2pi
wph
∑
α=1,2
e(α),∗
{ 4∑
i=1
zi
mi
e−ikri pi +
A∑
j=1
zj
mj
e−ikrj pj
}
. (1)
Here, star denotes complex conjugation, zs and ms are the electromagnetic charge and mass of the nucleon with
number s, ps = −ih¯d/drs is the momentum operator for the nucleon with number s (s = i is for nucleon of the α
particle and s = j for nucleon of the daughter nucleus; we number nucleons of α particle by index i, and nucleons of
the nucleus by index j). e(α) are unit vectors of the polarization of the photon emitted [e(α),∗ = e(α)], k is the wave
vector of the photon and wph = kc =
∣∣k∣∣ c. Vectors e(α) are perpendicular to k in the Coulomb gauge. We have two
independent polarizations e(1) and e(2) for the photon with momentum k (α = 1, 2). In this paper we shall use the
system of units where h¯ = 1 and c = 1.
Now we turn to the center-of-mass frame. We define coordinate of centers of masses for the α particle as rα, for the
daughter nucleus asRA and for the complete system asR having form rα =
∑4
i=1mi rαi/mα,RA =
∑A
j=1mj rAj/mA,
R = (mARA+mαrα)/(mA+mα), where mα and mA are masses of the α particle and daughter nucleus. Introducing
new relative coordinates ραi, ρAj and r as ri = rα + ραi, rj = RA + ρAj , r = rα −RA, we find the corresponding
momenta pi = pα+p˜αi, pj = PA+p˜Aj , p = pα−PA, where pα = − ih¯d/drα, p˜αi = − ih¯d/dραi, PA = − ih¯d/dRA,
p˜Aj = −ih¯d/dρAj . Using these formulas, we obtain
RA = R− cα r, rα = R+ cA r, ri = R+ cA r+ ραi, rj = R− cα r+ ρAj , (2)
where we introduced cA =
mA
mA+mα
and cα =
mα
mA+mα
. Substituting these expressions to Eq. (1), we find (mp is mass
3of proton)1
Hˆγ = − e
√
2pi
wph
∑
α=1,2
e(α),∗ e−ik
[
R−cαr
] {[
e−ikr
4∑
i=1
zi
mi
e−ikραi +
A∑
j=1
zj
mj
e−ikρAj
]
P +
+
[
cA e
−ikr
4∑
i=1
zi
mi
e−ikραi − cα
A∑
j=1
zj
mj
e−ikρAj
]
p + e−ikr
4∑
i=1
zi
mi
e−ikραi p˜αi +
A∑
j=1
zj
mj
e−ikρAj p˜Aj
}
.
(3)
B. Wave function of the α-nucleus system
Emission of the bremsstrahlung photons is caused by the relative motion of nucleons of the full nuclear system.
However, as the most intensive emission of photons is formed by relative motion of the α particle related to the nucleus,
it is sensible to represent the total wave function via coordinates of relative motion of these complicated objects. In
this paper we follow the formalism given in [37] for the proton-nucleus scattering, and we add description of many-
nucleon structure of the α-particle. Such a presentation of the wave function allows us to take into account the most
accurately the leading contribution of the wave function of relative motion into the bremsstrahlung spectrum, while
the many nucleon structure of the α particle and nucleus should provide only minor corrections (such a contribution
of the many-nucleon structure follows from good agreement between theory and experiment for α decay obtained
without the many-nucleon structure, see [44–46, 50]). Before developing a detailed many-nucleon formalism for such
a problem, we shall clarify first if the many-nucleon structure of the α nucleus system is visible in the experimental
bremsstrahlung spectra. In this regard, estimation of many-nucleon contribution in the full bremsstrahlung spectrum
is well described task. Thus, we define the wave function of the full nuclear system as
Ψ = Φ(R) · Φα−nucl(r) · ψnucl(βA) · ψα(βα), (4)
where
ψnucl(βA) = ψnucl(1 · · ·A) = 1√
A!
∑
pA
(−1)εpAψλ1(1)ψλ2(2) . . . ψλA(A),
ψα(βα) = ψα(1 · · · 4) = 1√
4!
∑
pα
(−1)εpαψλ1(1)ψλ2(2)ψλ3(3)ψλ4(4).
(5)
Here, βα is the set of numbers 1 · · · 4 of nucleons of the α particle, βA is the set of numbers 1 · · ·A of nucleons of the
nucleus, Φ(R) is the function describing motion of center-of-mass of the full nuclear system, Φα−nucl(r) is the function
describing relative motion of the α particle concerning to nucleus (without description of internal relative motions of
nucleons in the α particle and nucleus), ψα(βα) is the many-nucleon function dependent on nucleons of the α particle
(it determines space state on the basis of relative distances ρ1 · · ·ρ4 of nucleons of the α particle concerning to its
center-of-mass), ψnucl(βA) is the many-nucleon function dependent on nucleons of the nucleus. Summation in Eqs. (5)
is performed over all A! permutations of coordinates or states of nucleons. One-nucleon functions ψλs(s) represent
the multiplication of space and spin-isospin functions as ψλs(s) = ϕns(rs)
∣∣ σ(s)τ (s)〉, where ϕns is the space function
of the nucleon with number s, ns is the number of state of the space function of the nucleon with number s,
∣∣σ(s)τ (s)〉
is the spin-isospin function of the nucleon with number s.
We include the many-nucleon structure into wave functions ψnucl and ψα of nucleus and α particle while we assume
that wave function of relative motion Φα−nucl(r) is calculated without them but with maximal orientation of the α
nucleus potential extracted from experimental data of α decay, α nucleus scattering and α capture. So, ψα and ψnucl
describe only the internal states of the α particle and nucleus. Motion of nucleons of the nucleus relative to each other
does not influence on the internal states of the α particle and, therefore, such a representation of the wave function
can be considered as an approximation. However, both relative internal motions of nucleons of the α particle and the
nucleus provide their contributions to the full bremsstrahlung spectrum and can be estimated. In such a sense we
take into account the internal nucleon structure of the α particle and nucleus. We calculate the matrix element of the
1 As we have only 3 independent variables ραi and A−1 independent variables ρAj , Eq. (3) can be rewritten without variables ρα4, ρAA
and p˜α4, p˜AA.
4photon emission as
〈ψf (1 · · ·A) | Hˆγ |ψi(1 · · ·A)〉 =
=
1
A (A− 1)
A∑
k=1
A∑
m=1,m 6=k
{
〈ψk(i)ψm(j)| Hˆγ |ψk(i)ψm(j)〉 − 〈ψk(i)ψm(j)| Hˆγ |ψm(i)ψk(j)〉
}
.
(6)
C. Matrix element of emission and effective charge
We shall assume Φs¯(R) = e
−iKs¯·R where s¯ = i or f (indexes i and f denote the initial state, i.e. the state
before emission of photon, and the final state, i.e. the state after emission of photon), Ks is momentum of the total
system [6]. Suggesting Ki = 0, we calculate the matrix element:
〈Ψf | Hˆγ |Ψi〉 = − e
mp
√
2pi
wph
∑
α=1,2
e(α),∗
{
M1 +M2 +M3 +M4
}
, (7)
where
M1 =
〈
Ψf
∣∣∣∣ ei (Kf−k)·R ei cαkr [e−ikr
4∑
i=1
zi
mp
mi
e−ikραi +
A∑
j=1
zj
mp
mj
e−ikρAj
]
P
∣∣∣∣Ψi
〉
,
M2 =
〈
Ψf
∣∣∣∣ ei (Kf−k)·R ei cαkr [e−ikr cA
4∑
i=1
zi
mp
mi
e−ikραi − cα
A∑
j=1
zj
mp
mj
e−ikρAj
]
p
∣∣∣∣Ψi
〉
,
M3 =
〈
Ψf
∣∣∣∣ei(Kf−k)·R ei cαkre−ikr
4∑
i=1
zi
mp
mi
e−ikραi p˜αi
∣∣∣∣Ψi
〉
,
M4 =
〈
Ψf
∣∣∣∣ ei (Kf−k)·R ei cαkr
A∑
j=1
zj
mp
mj
e−ikρAj p˜Aj
∣∣∣∣Ψi
〉
.
(8)
We will not use the first term M1 (as we shall study decay in the center-of-mass system and neglect by possible
response), the third term M3 (as we shall neglect by the contribution of photon emission caused by the deformation
of the α particle as it leaves) and the forth termM4 (as we shall not study the contribution of photon emission caused
by the deformation of the daughter nucleus during decay). On this basis we obtain:
〈Ψf | Hˆγ |Ψi〉 = − e
mp
√
2pi
wph
∑
α=1,2
e(α),∗ δ(Kf − k)
〈
Φf (r)
∣∣∣Zeff(r) e−ikr p ∣∣∣Φi(r)〉, (9)
where we introduced the effective charge of the system composed from the α particle and daughter nucleus, charged
form factor of α particle, and charged form factor of the daughter nucleus as
Zeff(r) = e
ikr
{
e−i cAkr cA Zα(k) − ei cαkr cα ZA(k)
}
, (10)
Zα(k) =
〈
ψα,f
∣∣∣ 4∑
i=1
zi
mp
mi
e−ikραi
∣∣∣ψα,i〉, ZA(k) = 〈ψnucl,f∣∣∣ A∑
j=1
zj
mp
mj
e−ikρAj
∣∣∣ψnucl,i〉. (11)
In the first approximation (called as dipole) exp(ikr)→ 1 we have
Z
(dip)
eff = cAZα(k)− cαZA(k). (12)
One can see that in such an approximation the effective charge becomes independent of the relative distance between
centers-of-masses of the α particle and daughter nucleus. In further calculations we shall restrict ourselves by ap-
plication of the dipole approximation for determination of the effective charge in form of Eq. (12), while we shall
calculate the matrix element without such an approximation. Such a way allows us to take the multipole corrections
into account (in contrast to the dipole approach, for example see [47]).
5D. Electromagnetic form factors of the α particle and daughter nucleus
For further calculation of the electromagnetic form factors (11), we need to know the full wave functions before
and after emission of the photon (which corresponds to the unperturbed hamiltonian). For such functions, we use the
general formula (5), where one-nucleon wave functions are represented in a form of multiplication of the space and
spin-isospin functions. In this paper we shall assume that the space wave function of one nucleon should determine
probability of displacement of this nucleon relative to its most probable spatial position, which is not concentrated in
the center-of-mass of the fragment, but on a particular distance. We develop such a consideration on the basis of the
following simple idea: the most probable positions of nucleons of the α particle (described by the space one-nucleon
wave functions) in the ground state should not coincide with the center-of-mass of the α particle. In such a case, they
represent vertexes of the tetrahedron, while the oscillating space wave functions of the first four states give maximal
probabilities in the joint center. Such a consideration is more naturally extended on the many-nucleon systems, where
the most probable positions of nucleons of nucleus in the ground state should be correlated with uniformly distributed
density of the nuclear matter (and with its saturation). We shall take information about the most probable positions
of nucleons (i.e., data about radius-vectors ρ0,s) from other methods. By such motivations, we reformulate many-
nucleon formalism in our previous model applied for the proton-nucleus scattering in [37]. We shall show below that
such a presentation of the space one-nucleon wave function allows more accurate analysis of a dependence of the
bremsstrahlung spectra on the size of the emitted α particle.
Thus, we rewrite the vector of position of nucleon with number s relatively to the center-of-mass of the fragment as
ρs = ρ0,s + ρ˜s, (13)
where ρ0,s is the radius vector from the center-of-mass of the fragment to the point of the most probable location of
nucleon with number s, ρ˜s is the displacement of nucleon relatively to this point of its most probable location. Thus,
we construct the full one-nucleon wave function in the form:
ψλs(s) = ϕλs(ρs − ρs,0)
∣∣ σ(s)τ (s)〉, (14)
where λs denotes number of state of nucleon with number s. Also we shall assume that space function of nucleon is
normalized by the condition: ∫
|ϕλ(ρ˜s)|2 dρ˜s = 1. (15)
Using a one-nucleon representation for the wave function, we find for the α particle the following form of the form
factor (see Appendix A):
Zα(k) =
Zα
4
4∑
i=1
e
−ikρi,0 , (16)
and the form factor for the daughter nucleus obtains the following form:
Zd(k) = 2 e
− (a2k2x+b
2k2y+c
2k2z) /4 f1 (k, n1 · · ·nAd) f2 (k, ρ1 · · · ρAd), (17)
where
f1 (k, n1 · · ·nAd) =
nx+ny+nz≤N∑
nx,ny,nz=0
Lnx
[
a2k2x/2
]
Lny
[
b2k2y/2
]
Lnz
[
c2k2z/2
]
,
f2 (k, ρ1 · · · ρAd) =
1
Ad
Ad∑
j=1
e
−ikρj,0 .
(18)
Here, function f1 is summation over all states of one-nucleon space wave function, function f2 describes space distri-
bution of nucleons inside the nucleus.
E. The effective charge and bremsstrahlung probability
Let us calculate the effective charge in the dipole approximation. Substituting formulas (16) and (17) for the form
factors of the α particle and the daughter nucleus to Eq. (12), we obtain:
Z
(dip)
eff = 2 e
− (a2k2x+b
2k2y+c
2k2z) /4
{
cA f2α (k, ρ1 · · · ρ4) − cα f1, d (k, n1 · · ·nAd) f2, d (k, ρ1 · · · ρAd)
}
. (19)
6Now we rewrite the matric element of the photon emission as
〈Ψf | Hˆγ |Ψi〉 = − e
mp
√
2pi
wph
· pfi δ(Kf − k), (20)
where
pfi = 2 e
− (a2k2x+b
2k2y+c
2k2z) /4
∑
α=1,2
e(α),∗ ·
〈
ϕf (r)
∣∣∣ Z˜dipeff e−ikr p ∣∣∣ϕi(r)〉,
Z˜
(dip)
eff = cAf2α(k, ρ1 · · · ρ4)− cαf1,d(k, n1 · · ·nAd)f2,d(k, ρ1 · · · ρAd).
(21)
We define the probability of the emitted photons on the bass of matrix element (20) in frameworks of formalism given
in [36] and we do not repeat it in this paper. In result, we obtain the bremsstrahlung probability as2
d2 P (θf )
dwph d cos θf
=
e2
2pi c5
wph Ei
m2p ki
{
pfi
d p∗fi(θf )
d cos θf
+ c.c.
}
, (22)
where c. c. is complex conjugation, pfi is proportional to the electrical component pel in Eqs. (10) in [36] [with the
additional factor of 2 e− (a
2k2x+b
2k2y+c
2k2z) /4 and the included effective charge Z˜
(dip)
eff ] and d pfi(θf ) /d cos θf is defined
by the same way as d p (ki, kf , θf) /d cos θf in Ref. [36].
III. CALCULATIONS AND ANALYSIS
We apply the method to calculate the spectrum of photons emitted during the α decay. We started our calculations
from the 210Po, 214Po and 226Ra nuclei, for which there are experimental data of the bremsstrahlung spectra [40–45],
and our previous developments of the model and results [44–46, 50, 78, 81, 82] were tested. Of course, we were initially
interested in analysis of the 210Po nucleus, where the experimental data [43] were obtained with the best accuracy.
But, the difference between calculations with the included many-nucleon structure and without it is practically not
visible [see Fig. 1(a)]. Both calculations describe these experimental data enough well. It turns out that for all these
nuclei above, where we have any experimental information, the inclusion of the nucleon structure of the α particle
and the daughter nucleus is practically not visible in the bremsstrahlung spectra (the second digit of the calculated
spectrum is varied) for the energy region of the emitted photons below 1 MeV (such a limit is the highest in the
experimental data). However, we find that such an inclusion increases the full bremsstrahlung probability of the
emitted photons for each studied nucleus. This is the first conclusion which we have obtained.
In such a situation, one can add the following analysis. We define the following functions of errors:
ε(s)(Ek) =
∣∣∣ln(σ(theor,s)(Ek))− ln(σ(exp)(Ek))∣∣∣∣∣∣ln(σ(exp)(E1))∣∣∣ , (23)
define the difference between these functions and calculate the summation
∆ε(Ek) = ε
(no−micro)(Ek)− ε(micro)(Ek), ∆ε¯ = 1
N
N∑
k=1
∆ε(Ek). (24)
Here, σ(theor,s)(Ek) and σ
(exp)(Ek) are the theoretical and experimental bremsstrahlung probabilities in the α decay
at energy Ek of the emitted photon, s is indication of inclustion of the many-nucleon structure into calculations (we
denote such calculations by index micro) or calculations without such a many-nucleon structure (we shall use index
2 We obtain the formula (22) in dependence on mass of proton mp while in Ref. [36] we had the bremsstrahlung probability (49) in
dependence on the reduced mass µ. Such a difference is explained by that in the current paper we develop formalism on the basis of the
emission operator of the many-nucleon system (1) while in Ref. [36] we started the formalism on the basis of the operator of emission
(4) of the proton-nucleus system defined via the reduced mass of proton and nucleus.
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FIG. 1: Figure a: The bremsstrahlung probabilities of the emitted photons in the α decay of the 210Po nucleus and experimental
data [43] [in calculations ρi,0 = 1.7 fm for the α particle and θf = 90
◦ are used, θf is angle between direction of the α particle
motion (or its tunneling) after emission of photon and direction of the photon emission]. Here, solid green line is the calculations
without the included nucleon structure, dashed blue line is the calculations with the included nucleon structure, dash-dotted red
line is calculations for the point-like α particle taken from [46] (see line 6 in Fig. 1 in that paper). The spectrum for calculations
with inclusion of the many-nucleon structure is located above the spectrum without this structure, but such a difference is
practically not visible. Figure b: The difference of the functions of errors, ∆ε(Ek), defined in Eqs. (24) and obtained after
comparative analysis between the new calculations with and without the nucleon structure and experimental data given in
Figure (a).
no−micro for such a case), and the summation is performed over experimental data. Such definitions are based on
a minimization method (see Ref. [83]).
In order to estimate if inclusion of the many-nucleon structure into calculations provides a better description of
the experimental data, we have to find a difference ∆ε(Ek) between functions ε
(no−micro)(Ek) and ε
(micro)(Ek). Such
calculations for the α decay of the 210Po nucleus are given in Fig. 1(b). One can see that the function is positive inside
the whole photon energy region, that indicates that inclusion of the many-nucleon structure into calculations is more
successful in description of the experimental data [43]. A general estimation can be obtained via the summarizing
characteristic in Eqs. (24), and we obtain ∆ε¯ = 0.00001015 (that is positive also).
As the next step, we began to search other α decaying nuclei, for which this effect (of influence of the nucleon
structure on the bremsstrahlung spectra) could be visible practically. In selection of appropriate nuclei we have
chosen the following basis:
1. Possible new measurements of the bremsstrahlung photons will have smaller experimental errors for the α
decaying nuclei with higher emitted probabilities (at the same energies of the emitted photons), that corresponds
to higher Qα-values of these nuclei.
2. Calculations of the bremsstrahlung spectra are more stable and give more convergent results at higher Qα-values
of the α decaying nuclei and at lower energies of the emitted photons.
The form factors are included into the effective charge Zeff and, therefore, this effective charge should determine
degree of variations of the bremsstrahlung spectrum after inclusion of the nucleon structure into the model and
calculations. However, analyzing the different nuclei, we have found that such spectra variations are enough slow.
Moreover, Qα-value influences the probability of the bremsstrahlung photons. This parameter is larger and the
emission of photons is more intensive. Hence, one can conclude that the nucleon structure should be visible for nuclei
with higher Qα-values. This idea allows us to extend the region of our search of proper nuclei, which was our next
step. In general, Qα-value is gradually increased at increasing of the mass of nucleus. Therefore, we have looked
for nuclei in the direction of the heaviest where nucleon structure could be visible in the bremsstrahlung spectra.
However, the next calculations have shown that for heavy and super-heavy nuclei such an influence of the nucleon
structure is not visible again [see Fig. 2 (a)].
But there are other parameters which play important roles in such a search. In particular, this is the Coulomb
barrier determined by the electromagnetic charge of the daughter nucleus. For light nuclei this parameter is essentially
smaller and, therefore, the probability of the emitted photons for such nuclei should be larger. Analyzing distributions
of Q-values for the α decaying nuclei, we have chosen isotopes of Te. Results of our calculations for these nuclei are
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FIG. 2: The bremsstrahlung probabilities of the emitted photons at the α decay of the nuclei 219Pa (a), 106Te and 110Te (b)
[in calculations ρi,0 = 1.7 fm for the α particle and θf = 90
◦ are used, θf is angle between direction of the α particle motion
(or its tunneling) after emission of photon and direction of the photon emission]. Figure a: dashed red line for calculations for
219Pa with included nucleon structure, solid blue line for calculations for 219Pa without included nucleon structure, Figure b:
dash-double dotted red line is for calculations for 106Te with included nucleon structure, solid blue line for calculations for 106Te
without nucleon structure, dash-dotted green line for calculations for 110Te with included nucleon structure, dashed brown line
for calculations for 110Te without included nucleon structure. The curve for each nucleus after inclusion of the nucleon structure
is located above in comparison with curve without this structure. The nucleon structure is visible more strongly in the spectra
for nuclei with higher Qα-values and smaller Z.
presented in Fig. 2 (b). We have observed that such an visible change of the bremsstrahlung spectra after inclusion
of the nucleon structure into the model and calculations is really present for the 106Te nucleus (Qα = 4.29 MeV,
T1/2=70 mks) even for the photons energies below 1 MeV. However, for the
110Te nucleus with smaller Qα-value
(Qα = 2.73 MeV) this visible role of nucleon structure in spectra is already lost. In general, one can see that inclusion
of the nucleon structure increases the probability of the emitted photons for all studied nuclei.
IV. CONCLUSIONS AND PERSPECTIVES
In this paper we have studied if the nucleon structure of the α decaying nucleus can be visible in the experimental
bremsstrahlung spectra of the emitted photons which accompany such a decay. In this regard, we have developed a
new formalism which takes into account the distribution of nucleons in the α decaying nuclear system in the model
of bremsstrahlung. Conclusions from analysis on the basis of this model are the following:
1. After inclusion of the nucleon structure into the model the calculated bremsstrahlung spectrum is changed very
slowly for the majority of the α decaying nuclei [see Fig. 2 (a) for the α decay of 219Pa]. However, we have
observed that visible changes really exist for the 106Te nucleus (Qα = 4.29 MeV, T1/2=70 mks) even for the
energy of the emitted photons up to 1 MeV [see Fig. 2 (b)].
2. Inclusion of the nucleon structure into the model increases the bremsstrahlung probability of the emitted photons.
3. We find the following tendencies for obtaining the nuclei, which have the bremsstrahlung spectra more sensitive
to the nucleon structure: (a) direction to nuclei with smaller Z, (b) direction to nuclei with larger Qα-values.
One can suppose that the nucleon structure should be more visible in the bremsstrahlung spectra of the emitted
photons in cluster decays, fission, scattering of protons and light charged particle off nuclei (energies can be essentially
higher, then Q-values of the α decaying nuclei). This suggests a direction for further research.
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Appendix A: The form factors of the α nucleus system
1. Form factor of the α particle
We shall calculate the matrix element (11) in form
Z(k) =
1
A
A∑
i=1
A∑
k=1
〈
ψk(i)
∣∣∣ Zkmp
mk
e−ikρi
∣∣∣ψk(i)〉, (A1)
where we take into account the orthogonality between wave functions 〈ψk(j) |ψm(j) 〉 = δmk. Taking into account
zero charge of neutron, we sum Eq. (A1) over spin-isospin states. For even-even fragments we obtain:
ZA(k) =
2
A
A∑
i=1
B∑
k=1
〈ϕk(ρ˜i) | e−ikρi |ϕk(ρ˜i) 〉, (A2)
where B is the number of states of the space wave function of nucleon. Taking into account spin-isospin states, we
obtain: B = A/4. In particular, for the α particle we have B = 1.
We shall choose the space wave function of one nucleon in the gaussian form, according to formalism in Appendix A
in [37]. Substituting it into Eq. (A2), we find the form factor for the α particle:
Zα(k) =
1
2
4∑
i=1
Ix(nx) Iy(ny) Iz(nz), (A3)
where
Ix(nx, xi,0, a) = N
2
α,x
∫
e−
(xi−xi,0)
2
a2 e−i kxxi H2nx
(xi − xi,0
a
)
dxi (A4)
and solutions for Iy(ny) and Iz(nz) are obtained after change of indexes x → y and x → z. After simplification of
this integral we obtain:
Ix = N
2
α,x exp
[
− a2k2x/4− i kxxi,0
] ∫
exp
[
− (xi − xi,0 + i a
2kx/2)
2
a2
]
H2nx
(xi − xi,0
a
)
dxi. (A5)
Now let us consider a case when the α particle is in the ground state (nx = ny = nz = 0). We have Hnx=0 = 1,
Hny=0 = 1, Hnz=0 = 1. In approximation, integral (A5) over complex variable x˜ = xi − ρi,x + i a2kx/2 has solution:∫
exp
[
− (xi − ρi,x + i a
2kx/2)
2
a2
]
dxi =
∫
exp
[
− x
2
i
a2
]
dxi = N
−2
α,x (A6)
and we obtain:
Iα,x(nx = 0) = exp
[
− a2k2x/4− i kxxi,0
]
. (A7)
Now we calculate form factor (A3):
Zα(k) =
1
2
e
− (a2k2x+b
2k2y+c
2k2z) /4
4∑
i=1
e
−ikρi,0 . (A8)
In limit of point-like α particle (at ρ0,i = 0) we obtain:
Zα(k;ρi,0 → 0) = 2 e− (a
2k2x+b
2k2y+c
2k2z) /4. (A9)
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One can see that the charged form factor depends on the energy of the emitted photon, the direction of its emission,
and also on the parameters of the wave function of the nucleon. In order to make the form factor unambiguous, we
impose the following condition: that the form factor of the α particle at point-like limit should correspond to its
electromagnetic charge Zα as
2 e− (a
2k2x+b
2k2y+c
2k2z) /4 ≡ Zα (A10)
Applying such a condition, we obtain:
Zα(k) =
Zα
4
·
4∑
i=1
e
−ikρi,0 . (A11)
On such a basis we construct the following logic. If the photon is not emitted by the nucleon of the α particle, then
|k| = 0 and we directly obtain fulfilment of property (A10). However, if the photon is emitted by this nucleon, then
the exponent suppresses the form factor of the α particle. This effect is appeared after taking into account of the
internal structure of the α particle, composed of four nucleons.
Now, if to remind that a, b and c determine space size of localization of the wave function which describes the most
probable location of each nucleon inside the α particle, then one concludes : the parameters is larger, the emitted
photon suppresses the electromagnetic charge of the α particle stronger. And the parameters a, b and c smaller,
the factors in the wave function like exp(−x/a) are closer to δ-function, and then emission of the photon does not
influence charge of the α particle practically. According to our preliminary estimations, for the α particle for energies
of the emitted photon up to 10 MeV, the charge is not changed essentially. However, this is not so for high energies
(close to 100 MeV and higher) or for heavy ions and nuclei.
2. Form factor of the daughter nucleus
In determination of the form factor of the nucleus we have to take into account non-zero states of one-nucleon space
wave function. At first, we find the integral Ix(nx 6= 0). Here, one can apply the following formulas of summation of
Hermitian polynomials:
(a21 + a
2
2)
µ/2
µ!
Hµ
(a1x1 + a2x2√
a21 + a
2
2
)
=
∑
m1+m2=µ
am11
m1!
am22
m2!
Hm1(x1)Hm2(x2),
+∞∫
−∞
e−(x−y)
2
Hm(x)Hn(x) dx = 2
n
√
pim! yn−m Ln−mn (−2y2)
(A12)
at m ≤ n and where Ln−mn is generalized Laguerre polynomial. At n = m we find:
+∞∫
−∞
e−(x−y)
2
H2n(x) dx = 2
n
√
pi n!Ln(−2y2), (A13)
where Ln = L
0
n is Rodrigues polynomial, defined by the Rodrigues formula
Ln(x) =
n∑
k=0
(−1)k
k!
(
b
k
)
xk. (A14)
But for computer calculations the following recurrent formula could be more useful:
Lk+1(x) =
1
k + 1
[
(2k + 1− x)Lk(x)− k Lk−1(x)
]
at k ≥ 1, (A15)
where the first two polynomials equals
L0(x) = 1, L1(x) = 1− x. (A16)
Using formula (A13), we calculate the integral (A5) for an arbitrary state:
Ix = Lnx
[
a2k2x/2
]
· exp
[
− a2k2x/4− i kxρi,x
]
(A17)
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and calculate the form factor of the daughter nucleus:
Zd(k) =
2 e− (a
2k2x+b
2k2y+c
2k2z) /4
Ad
nx+ny+nz≤N∑
nx,ny,nz=0
Lnx
[
a2k2x/2
]
Lny
[
b2k2y/2
]
Lnz
[
c2k2z/2
]
·
Ad∑
i=1
e−ikρi . (A18)
This solution can be rewritten as
Zd(k) = 2 e
− (a2k2x+b
2k2y+c
2k2z) /4 f1 (k, n1 · · ·nAd) f2 (k, ρ1 · · · ρAd), (A19)
where
f1 (k, n1 · · ·nAd) =
nx+ny+nz≤N∑
nx,ny,nz=0
Lnx
[
a2k2x/2
]
Lny
[
b2k2y/2
]
Lnz
[
c2k2z/2
]
,
f2 (k, ρ1 · · · ρAd) =
1
Ad
Ad∑
i=1
e−ikρi .
(A20)
Here, function f1 is the summation over all states of the one-nucleon space wave function, function f2 describes space
distribution of nucleons inside the nucleus (i.e., it characterizes the density of nucleons in the nucleus).
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